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Abstract. Let (X, T) be a topological dynamical system. Denote by h(T, K) and 
h B (T,K) the covering entropy and dimensional entropy of K C A, respectively. 
{X,T) is called D-lowerable (resp. lowerable) if for each < h < h(T,X) there is 
a subset (resp. closed subset) Kh with h B (T,Kh) — h (resp. h(T,Kh) — h); is 
called D- hereditarily lowerable (resp. hereditarily lowerable) if each Souslin subset 
(resp. closed subset) is D-lowerablc (resp. lowerable). 

In this paper it is proved that each topological dynamical system is not only 
lowerable but also D-lowerable, and each asymptotically /i-expansive system is D- 
hereditarily lowerable. A minimal system which is lowerable and not hereditarily 
lowerable is demonstrated. 



1. Introduction 

This paper is a continuation of the research done in [15] by the same authors. 

Throughout the paper, by a topological dynamical system (t.d.s.) (X, T) we mean 
a compact metric space X together with a homeomorphism T : X — > X. Let (X, T) 
be a t.d.s. and K C X. Denote by h(T, K) and h B (T, K) the covering entropy and 
dimensional entropy of K C X introduced in [2] and [I] respectively. Motivated by 
[221 [231 [25 [3^ in [15] the authors studied the question if for each < h < h(T, X) 
there is a closed subset of X with entropy h. Inspired by [23 Remark 5.13] in [15] 
we call (X, T) 

(1) lowerable if for each < h < h(T, X) there is a closed K C X with h(T, K) = 
h- 

(2) hereditarily lowerable if each closed subset is lowerable, i.e. for each closed 
K C X and any < h < h(T, K) there is a closed K h C K with h(T, K) = h; 

(3) hereditarily uniformly lowerable if for each closed subset K C X and any 
< h < h(T, K) there is a closed Kh Q K such that h(T, Kh) = h and Kh 
has at most one limit point. 

Then the question is divided further into the following questions in [T5] : 
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Question 1. Is any t.d.s. lowerable? 
Question 2. Is any t.d.s. hereditarily lowerable? 
Question 3. Is any t.d.s. hereditarily uniformly lowerable? 

We remark that the reason we ask Question [3] in such a way is that in [37] the 
authors showed that if (X, T) is a t.d.s. and K C X is a compact infinite subset, 
then there is a countable subset K' C K (the derived set of which has a unique 
limit point) with h(T, K') = h(T, K). In [TS] the authors show that each t.d.s. with 
finite entropy is lowerable, and that a t.d.s. is hereditarily uniformly lowerable iff it 
is asymptotically /i-expansive. In particular, each hereditarily uniformly lowerable 
t.d.s. has finite entropy. Moreover, a principal extension preserves the lowerable, 
hereditarily lowerable and hereditarily uniformly lowerable properties. Through we 
completely answered Question[3l Question[T]in the case h(T, X) = +oo and Question 
[2] still remain open in |15j . 

Let X be a metric space, the Souslin sets are the sets of the form 

e = u n^i--'^' 

ti€N,i a eN,- fceN 

where E ilr .. jik is a closed set for each finite sequence ,ik} of positive inte- 

gers. Observe that each Borel set is Souslin, the pre-image of a Souslin set under 
a continuous map is Souslin, and if the underlying metric spaces are complete then 
any continuous image of a Souslin set is Souslin. The well-known result in fractal 
geometry [HI [25] states that (for the definition of Hausdorff dimension see [8j [25] ) 

Proposition 1.1. Let K C W 1 be a non-empty Souslin subset. Then for each 
< h < dimn(K) there is a compact subset of K with dimniKh) = h, where 
dimn(*) denotes the Hausdorff dimension of a subset * in IR n . 

Inspired by this, for a t.d.s. (X, T) we call it 

(1) D-lowerableif for each < h < h(T, X) there is a subset Kh with h B (T, Kh) = 
h) 

(2) D- hereditarily lowerable if each Souslin subset is D-lowerable, i.e. for each 
Souslin set K C X and any < h < h B (T,K) there is K h C K with 
h B (T,K h ) = h. 

Thus, we have other two additional questions: 

Question 4. Is any t.d.s. D-lowerable? 
Question 5. Is any t.d.s. D- hereditarily lowerable? 

We emphasize that, in fact, the argument in [15] also tells us that each t.d.s. with 
finite entropy is D-lowerable. 

In this paper, we get complete answers to Questions [T] and SJ and partial answers 
to Questions [Hand [5] (Question E] was answered in [T5] ). Namely, with the help of a 
relative version of the well-known Sinai Theorem we prove that each t.d.s. is not only 
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lowerable but also D-lowerable. We shall construct a minimal lowerable t.d.s. which 
is not hereditarily lowerable. Moreover, we also prove that each asymptotically fa- 
expansive t.d.s. is D-hereditarily lowerable. Whereas, there remain some interesting 
questions unsolved. For example, is there a lowerable t.d.s. with finite entropy which 
is not hereditarily lowerable? 

The paper is organized as follows. In Section 2 the definitions of cover entropy and 
dimensional entropy of subsets are introduced. In Section 3, a minimal lowerable 
t.d.s. which is not hereditarily lowerable is presented. Then in section 4 it is proved 
that each t.d.s. is not only lowerable but also D-lowerable with the help of a relative 
version of the well-known Sinai Theorem. In the last section, it is shown that each 
asymptotically fa-expansive t.d.s. is D-hereditarily lowerable. 

Acknowledgement: We would like to thank Downarowicz, Glasner and Weiss for 
useful discussions. 

2. Preliminary 

Let (X, T) be a t.d.s., K C X and W a collection of subsets of X. We shall write 
K y W if K C W for some W G W and else K ^ W. If Wi is another family of 
subsets of X, W is said to be finer than Wi (we shall write W >z Wi) when W >z Wi 
for each W G W. We shall say that a numerical function increases (resp. decreases) 
with respect to (w.r.t.) a set variable K or a family variable W if the value never 
decreases (resp. increases) when K is replaced by a set Xi with K\ C if or when 
W is replaced by a family Wi with Wi >z W. 

By a cower of X we mean a finite family of Borel subsets with union X, and a 
partition a cover whose elements are disjoint. Denote by Cx (resp. C x , Vx) the set 
of covers (resp. open covers, partitions). If a G Vx and x G X then let a(x) be the 
element of a containing x. 

Given Ui,U 2 G Cx, set U X \J U 2 = {U x D f/ 2 : C/i G Wi,f7 2 G W 2 }, obviously 
Wi VW 2 G C x and UxVU 2 h Hi- Ui h U 2 need not imply that U x yU 2 = U x , 
U\ y U 2 iff Wi is equivalent to Wi V U 2 in the sense that each refines the other. 
For each U G Cx and any m,n G Z + with m < n we set = VIL m T~ l U. 
Moreover, if (X, T) is a t.d.s. then let diam(X) be the diameter of K and put 
||W|| = sup{diam(jy) : W G W}, thus if U G C x then W has a Lebesgue number 
A > and so W >r W when ||W| | < A. 

2.1. Covering entropy of subsets. Let (X, T) be a t.d.s., K C X and W G Cx- 
Set N(U, K) to be the minimal cardinality of sub-families V C U with UV D 
K, where UV = Uyev V • ^ e wr ite X(W, 0) = 1 by convention. Obviously, 
N{U,T{K)) =N{T~ l U,K). Let 

h u (T, K) = limsup - log N{U^-\ K). 

n— ¥+oo r\ 
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Clearly hu(T,K) increases w.r.t. U. Define the covering entropy of K by 

h(T,K) = sup ht(T,K), 
uec° x 

and define the topological entropy of (X,T) by h top (T,X) = h(T,X). 

Let (X, T) and (Y, S) be t.d.s.s. We say that n : (X, T) — > (Y, S) is a factor map 
if 7r is a continuous surjection and 7r o T = S o n. It is easy to check that 

Proposition 2.1. Let (X,T) and (Y,S) be t.d.s.s. Then 

(1) h(T, K) > h(S, tt(K)) if 7T : (X, T) ->■ (Y, 5) zs a /actor map ana 1 K C X; 

(2) /i(T x5,Ixy) = /i(T, X) + Y) . 

We may also obtain the cover entropy of subsets using Bowen's separated and 
spanning sets (see [33 P 168-174])- Let (X, T) be a t.d.s. with d a metric on X. For 
each neNwe define a new metric d n , on X by 

d n (x,y) — max d(T l x,T l y). 

0<i<n— 1 

Let e > and X C X. A subset F of X is said to (n,e)-span K w.r.t. T if for 
each x G X, there is y G F with d n (x, y) < e; a subset E of X is said to be (n, e)- 
separated w.r.t. T if x, y G F, x 7^ y implies d n (x,y) > e. Let r n (d,T,e, K) denote 
the smallest cardinality of any (n, e)-spanning set for X w.r.t. T and s n (d,T,e, K) 
denote the largest cardinality of any (n, e)-separated subset of X w.r.t. T. We write 
r n (d, T, e, 0) = s n (d, T, e, 0) = 1 by convention. Put 

r(d, T, e, K) = lim sup — log r n (d, T, e, X) 

n— >+oo W 

and 

s(d, T, e, X) = lim sup — log s n (d, T, e, X). 

Then put 

hJd,T, K) = lim r(d,T,e, X) and h*(d,T, X) = lim s(d,T,e, X). 

£->0+ £->0+ 

It is well known that h*(d,T,K) = h*(d,T, X) is independent of the choice of a 
compatible metric d on the space X. Now, if W G C^- has a Lebesgue number 5 > 
then, for any 5' G (0, |) and each V G C° x with ||V|| < 5', one has 

N(Ur\ K) < r n (d, T, 5', K) < s n (d, T, 5', K) < X(V n " 1 , X) 

for each n G N. So if {W n }„ e N Q C° x satisfies ||ZY n || — >■ as n — > +00 then 

K (d, T, K) = h* (d, T, X) = lim h Un (T, X) = h(T, K) . 

n—>+oo 

In this case, it is obvious that h(T, X) = h(T, K). 
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2.2. Dimensional entropy of subsets. Now we recall the concept of dimensional 
entropy introduced and studied in [I]. 

Let (A, T) be a t.d.s. and U G C x . For A C X let 

[ 0, ifA^W; 
n T ,u{K) = I +00, if T*A h U when i G Z + ; 

[ fc, fc = max{j G N : T\K) y U when < i < j - 1}. 

For k G N, we define <£(T,U, A, k) to be the family of all £ , where £ is a countable 
family of subsets of X such that A' C \j£ and £ >: Uq 1 . Then for each A G R set 

mTu(K,\,k)= inf m(TM,£,X), 
ee<t(T,u,K,k) 

where 

m(T,U,£,\) = Y^e~ XnT ^ E \ 

here, by convention: • 00 = and mT,u(®, A, fc) = +00 if A < 0; 1 if A = 0; if 
A > 0. As rriT,u{K, A, k) is increasing w.r.t. fc, we can define 

m T)U {K,X) = lim m T>u (K,X,k). 

k— >+oo 

Notice that rriT,u(K, A) < mr,u{K, A') for A > A' and mT,w(A, A) ^ {0, +00} for at 
most one A [1]. We define the dimensional entropy of A relative to U by 

hfi(T, A) = inf{A G R : m T ,u(K, A) = 0} = sup{A G R : m T) u(K, A) = +00}. 

The dimensional entropy of A is defined by 

h B (T,K)= sup hy (T, A) . 

Note that hy(T, A) increases w.r.t. W G Cx, thus if (X, T) is a t.d.s. and {W ra } nG N C 
C x satisfies \\U n \ \ — >■ as n — > +00 then lim^+oo h B n (T, A) = h B (T, A). 

The following result is basic (see [U Propositions 1 and 2] or [13 Proposition 
2.3]). 

Proposition 2.2. Lei (X,T) be a t.d.s., K u K 2 , ■ ■ ■ , A C X and IA G C X - T/ien 

(1) /i w (T,X) = hfi(T,X) ifU G C x; so h(T,X) = h B (T,X); 

(2) h%{T,\J nen K n ) = sup n€N h B (T,K n ), so 

h B (T, M A n ) = sup/^(T,A n ); 

(3) /or eac/i m G N and i > 0, h B _ iu (T m , A) > k B -(T m ,T i K), so h B (T m ,K) > 
/i B (T m ,ri<C); 

(4) /or eac/i m G N, h B (T m , A) = m/i£(T, A), so h B (T m , A) = m/i s (T, A). 

Thus, by Proposition 12.21 (2), h B (T, E) increases w.r.t. E C A and if A C A is a 
non-empty countable set then h B (T,E) = 0. It is worth mentioning that 

(1) hfi(T, 0) = h u (T, 0) = for any U G C x , and so /i B (T, 0) = h(T, 0) = 0; 
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(2) when 0/A'CI, one has h u (T, K) > h%(T, K) > for any U G C x , and 
so 

h{T,K) > h B {T,K) > 0. 

2.3. Hausdorff dimension and dimensional entropy. Let (X,d) be a metric 
space. We first recall the definition of Hausdorff dimension of a subset A G X. Fix 
t > 0. For each 5 > and subset A G X, we define 

+oo 

^' 5 (A) = inf{^diam(^)*} 7 

i=l 

where the infimum is taken over all countable covers {Ui : i = 1,2, ■■•} of A of 
diameter not exceeding 5. Since H d s (A) increases as S decreases for any A C X, we 
can define 

H t d (A) = hmH t d s (A) = snpH t /(A). 

8^0 s>0 

The case H a (A) = +oo is not excluded. Fix A G X. Since for every < 5 < 1 the 
function t t— > H d 5 (A) is non-increasing, so is the function t i— > H d (A). Moreover, if 
< s < t, then for every 5 > 

H S /(A) > 5 s ~ t H t /(A) 

which implies that if H d (A) > 0, then H d (A) = +oo. Thus there is a unique value 
Hd{A) G [0, +oo], which is called the Hausdorff dimension of A with respect to the 
metric d on X, such that 

" +oo, if < t < H d {A), 
0, if H d {A) < t < oo. 

The Hausdorff dimension is a monotone function of sets, i.e., if A C B then 
H d {A) < H d (B). Moreover if {A n } „>i is a countable family of subsets of X then 

oo 

J A n ) = sup# d (yl n ). 

n=l 

Hence if S C X is countable then H d (E) = 0. 

In the following we investigate the interrelation of Hausdorff dimension and di- 
mensional entropy of a set in some specific t.d.s. Let (X, T) be a t.d.s. with metric 
d. We assume that T is Lipschitz continuous with the Lipschitz constant L, i.e., 
d(Tx, Ty) < Ld(x, y) for any x, y G X. 

The following result is just [251 Theorem 1]. 

Lemma 2.3. Let {X,T) be a Lipschitz continuous t.d.s. with Lipschitz constant 
L > 1 associated to the metric d. Then 

nm > *M 

logL 

/or any subset CCI, 
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The following result is [9j Lemma 5.4]. 

Lemma 2.4. Let (X,T) be a t.d.s. with metric d. If there exist e > and L > 1 
such that d(Tx,Ty) > Ld(x,y) whenever d(x,y) < e, then 

H d (C) < Wl 
logL 

for any subset CCI, 

Proposition 2.5. Let T = R/Z be the unit circle of complex plane with the metric 

d(e 2nix ,e 27Tiy ) = inf \x - y - k\ 



for any x, y G R. For m G N with m > 2, T m is defined by T m (z) = z m for z G T. 
Then 

(1) H d {C) = hB ^ m C) for any subset C C T. 

(2) (T, T m ) is D- hereditarily lowerable. 

Proof. (1) follows from Lemmas 12.31 and 12.41 by setting L = m. Since the metric <i 
and the Euclidean metric on T are Lipschitz equivalent, (2) follows from (1) and 
Proposition 11.11 □ 

Remark 2.6. Proposition \2.5\ (1) appeared firstly in [101 Proposition III. 1] . 

Remark 2.7. Recall that (37] the authors showed that if (X,T) is a t.d.s. and 

K C X is a compact subset, then there is a countable subset K' C K (the derived 
set of which has at most one limit point) with h(T,K') = h(T,K). Weiss showed 
us a proof that when (X, T) is minimal then there exists a countable subset K with 
a unique limit point such that h(T,K) = h(T,X). In fact, this can also be obtained 
by results in [3T] . 

3. Negative answers to Question [2] 

In this section, we shall construct a minimal lowerable t.d.s. which is not heredi- 
tarily lowerable. First we give a lowerable t.d.s. which is not hereditarily lowerable 
and then we make it minimal. We remark that the example we get has infinite 
entropy, and it is not hard to construct an example which has infinite entropy and 
at the same is hereditarily lowerable. 

3.1. A general example. First we construct an example (not necessarily minimal) 
which is lowerable and not hereditarily lowerable. In the next subsection we will 
modify it such that it is minimal. To do this, we need the following lemma. 

Lemma 3.1. Let (JQ, Tj),z G N be a t.d.s. and (Y, S) = L|(Xj,Tj) with ir^ the 

projection from Y to Xi, i G N. Then 

(1) h(T™, W) = nh{T u W) for each closed W C X l and any n G N; 
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(2) h(Tj,7ijK) < h(S,K) < ^2i i ^h{T i , , KiK) for each closed K C Y and any 

j en. 

Proof. (1) It is known, see for example the proof of [35j Theorem 7.10 (i)]. 

(2) Let K C Y be closed and j £ N. By Proposition O (1) clearly h{T h TtjK) < 
h(S, K). For the other direction, without loss of generality we assume diam(Xj) < 1 
with di a compatible metric on Xj for each % £ N. Let p be the metric on Y given 
by 

p((x 1 ,x 2 , ■■■), (yi, y% ■••)) = X/ 2* ' ' 

i=l 

For each e > we can select iV(e) £ N with Y^N(e)+i w < f > ^ n us 

JV(e) 

r n (p, 5, e, K) < r n (d i; T i; -, tt^), 

i=l 

which implies 

N(e) 

i=l iGN 

and so h(S,K) < ^ i6N /i(7i, TTiK). This finishes our proof. □ 
Thus, we have 

Proposition 3.2. Lei (X, T) &e a id.s. w«£/i topological entropy finite but posi- 
tive. Then (X°°,S) = Ylneni-^^ 71 ) ^ s a lowerable t.d.s. which is not hereditarily 
lowerable. 

Proof. Let E = {(x, x, • ■ •) : x £ X} C Now we claim that the subset E in 

(X°°,S) is not lowerable (and so t.d.s. (X°°,S) is not hereditarily lowerable) by 
proving that each closed subset K of E has either infinite topological entropy or 
zero topological entropy. 

Let 7Tj : (X°°, S) — > (X,T l ) be the factor map of the z-th projection map, i £ N. 
We shall prove that if h(T, U\K) > then h(S, K) = oo and if h(T, U\K) = then 
h(S, K) = 0. In fact, if h(T, %iK) = then by Lemma [3. II one has 

h(S, K)<Y^ K T \ nK) = X ih ( T > KiK) = ih ( T > KiK) = 0. 

iGN iGN iGN 

Now if h(T, tt\K) > then by Lemma [3. II one has 

h(S, K) > h(T n , 7T n K) = nh(T, n n K) = nh(T, n x K) 

for each n £ N, which implies h(S, K) = oo. 

Now we shall finish our proof by claiming that (X°°, S) is lowerable. In fact, for 
each < h< oo we let n £ N with h(S n , X n ) > h, where S n = T x T 2 x • • • x T n . 
Note that the main result of [T3] states that each t.d.s. with finite entropy must 
be lowerable, whereas, clearly (X n , S n ) is a t.d.s. with finite entropy, thus there 
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exists closed Kh Q X n with h(S n , Kh) = h. Now for each xo G X we put K£ = 
{(ki, ■ ■ ■ , k n , xo, ■ ■ ■ ) : (hi, • ■ ■ , k n ) G Kh}, it is easy to check that h(S, K%) = h, this 
ends the proof. □ 

We should remark that [TJ)J Theorem 6.1] states that 

Let (X,T) be a t.d.s. Then, for any compact K C X with h(T,K) > 0, 
there is a countable infinite compact subset Koo C K with h(T, Kqo) = 0. 
Whereas, [37J Theorem 5.9 and Remark 5.13] state that 

Let (X,T) be a t.d.s. Then for any compact K C X there is 
a countable compact subset K' C K with h{T, K') = h{T, K). 

Thus, the above Proposition 13.21 tells us that these are the best results we may 
obtain. 

In view of this, we restate our Question [2] as 

Question 2': Is there a t.d.s. with finite entropy which it is not hereditarily lower- 
able? 

It seems to us that a t.d.s. (X, T) is not hereditarily lowerable if it has an ergodic 
measure with infinite entropy. 

3.2. A minimal example. After finishing the construction in the previous subsec- 
tion, Glasner asked if there is a minimal t.d.s. with the property. We will show that 
the example in the previous subsection can be made minimally. Recall that a t.d.s. 
(Y, T) is called proximal orbit dense, or a POD system if (Y, T) is totally minimal 
and whenever x, y G Y with x ^ y, then for some n ^ 0, T n y is proximal to x. An 
interesting property of POD is that (see [19]): 

Proposition 3.3. Let (X,T) be POD and consider integers ki ^ 0,i = 1, • • • ,n 

with ki 7^ ±kj for i ^ j . Then 

(1) (X x • • • x X, T kl x • • • x T kn ) is minimal. 

(2) The only factors of the flow in (1) are the obvious direct factors. 

If, in addition, (X,T) is not isomorphic to (X, T _1 ) then (1) and (2) hold for any 
ki 7^ 0, i — 1, ■ ■ ■ , n with k { ^ kj for i ^ j. 

A special class of POD is 

Definition 3.4. A system {X,T) is said to be doubly minimal if for all x G X and 

y g" {T^x}^, the orbit of (x, y) is dense in X x X . 

The first example of doubly minimal system was constructed in [16] in the sym- 
bolic dynamics. Doubly minimal systems are natural in the sense that: any ergodic 
system with zero entropy has a uniquely ergodic model which is doubly minimal 
[36] . The notion of disjointness between two t.d.s. was introduced in [TU] and it is 
easy to see that two minimal t.d.s. are disjoint iff the product system is minimal. 

Proposition 3.5. There is a minimal t.d.s. which is not hereditarily lowerable. 
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Proof. Let (Yi, Si) be the double minimal system constructed in [16] and (Y, S) be 
its almost 1-1 extension with positive entropy (see [7] for the existence of such a 
t.d.s. (Y, S)). For a given neN, since (Yi, S'i) x (Yi, Sf) x • • • x (Yi, S*™) is minimal 
(by Proposition Q it follows that (Y, 5) x (Y, S 2 ) x • • • x (Y, S n ) is minimal (dis- 
jointness is preserved by an almost 1-1 extension pQ). This implies that n~ 1 (Y, S l ) 
is minimal, as minimality is preserved by the inverse limit. Then following the proof 
of Proposition 13. 2\ we get the conclusion. □ 

Remark 3.6. In [36J the author showed that if each pair in a t.d.s. {X,T) is 
positively recurrent (under T x T) then the entropy is zero. This is not true if we 
replace T x T by T x T 2 by the previous proposition. 

3.3. A related result. Finally, we shall present a result related to the property of 
hereditary lowering. First, let's make some preparations (for details see [61 [151 123 



Let 7r : (X, T) — y (Y, S) be a factor map between t.d.s.s. The relative topological 
entropy of (X,T) w.r.t. tt is defined as follows: 

h top (T,X\n) = sup/i(T,7r _1 (y)) = sup h B {T, n~ l {y)). 

Observe that (they are proved respectively as [151 Theorem 7.3], [HI Theorem 3.3] 
and j2Sl Theorem 4.2]) 

Proposition 3.7. Let n : (X,T) (Y, S) be a factor map between t.d.s.s. 

(1) If E C. X is compact then 

h(S, n(E)) < h(T, E) < h(S, n{E)) + h top (T, X\n). 

(2) IfKCX then 

h B (S,n(K)) < h B (T,K) < h B (S,n(K)) + h top (T,X\ir). 

Let (X,T) be a t.d.s. and U1M2 e C%. Put N{Ui\U 2 ) = max{N(Ui,U 2 ) : C/ 2 e 
^2}- Then, for each m,n6N, 

^((wO^-'KWa)^- 1 ) < iv((w 1 )^- 1 |(w 2 )™ + "- 1 )iv((Wi)r n " 1 l(w 2 )r n " 1 ) 

< iv((w 1 )r i i(w 2 )r i )iv((w 1 )r n ~ 1 i(w 2 )r n " 1 ) 
= iv((w 1 )r i i(w 2 )r i )iv((w 1 )r i i(w 2 )r i ), 

i.e. {logiV((Wi)o -1 |(i/2)o _1 ) : n G N} is sub-additive, and so we may set 
h{T,Ui\U i )= lim -logiV((W 1 )r 1 |(ZY 2 )r 1 ) (= inf-logiV((^ 1 )^i|(W 2 )«- 

n->+oo n y nSN n 

Define the topologically conditional U2- entropy of (X,T) by 

h*(T,X\U 2 ) = sup h(T,Ui\U 2 ), 
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and the topologically conditional entropy of (X, T) by 

h*(T,X) = inf h*(T,X\U 2 ). 

U 2 £C° X 

Note that h*(T,X) < h top {T,X) and h*{T,X) = iff (X,T) is asymptotically h- 
expansive. Moreover, if (X, T) is zero- dimensional then by a standard construction 
we can represent (X, T) as an inverse limit of sub-shifts over finite alphabets: 

(X,T) = lpn(X r ,T r ) 

where X r C Xf with A r a finite discrete space, T r is the full shift over Xf and 
(X r ,T r ) is a factor of (X r+ i,T r+ x) for each r G N. Now let 4> r : (X, T) — » (X r ,T r ) 
be the natural homomorphism and U r the clopen generated partition of X r (r G N). 
Observe that the sequence {h top (T, X\(fi r ) : r G N} decreases, there are some easy 
but useful facts: 

(1) h top (T r ,X r ) = h^-i^(T,X) and h top (T,X) = lim r _>. +0O h top (T r , X r ); 

(2) h top (T,X\(f> r ) < h*(T,X\(p~ l (U r )) and 

(3) h*(T,X) = ]hn r ^ h*(T,X\^-\lt r )) > ]im r ^ +0O h tap (T,X\<f> r ). 
Thus we have the following interesting result. 

Theorem 3.8. Let {X,T) be a t.d.s. with finite entropy and K C X compact. If 
h(T, K) > h*{T, X) then for each 0<h< h(T, K) - h*(T, X) one has 

{h(T, K>) :K'CK is compact} n [h,h + h*(T,X)\ ^ 0. 

Proof. It's well-known that each t.d.s. with finite entropy has a zero-dimensional 
principal extension [U Proposition 7.8] and the topologically conditional entropy is 
preserved by principal extensions [2"0| Theorem 3], using Proposition 13.71 (1) we may 
assume that (X, T) is zero-dimensional. Moreover, it makes no difference to say 
he (0,h(T,K)-h*(T,X)). 

We represent (X, T) by an inverse limit of sub-shifts over finite alphabets 

(X,T) = hm(X r ,T r ), 

with <p r : (X, T) — > (X r ,T r ) the natural homomorphism for each r G N. Then 

h < h(T, K) - h*(T,X) < h(T, K) - lim h top (T,X\ <j> r ) (using fact (3)). 

r— >+oo 

For each r G N we set K r = <f> r (K), so h{T, K)-h top {T, X\<f> r ) < h(T r , K r ) < h(T, K) 
(using [151 Theorem 7.3] again). Thus if r G N is large enough then there exists 
compact C K r with h(T r , K*t) = h (using Theorem [151 Theorem 5.3]). Last, 
put K ( r h) = 0"H^r ) n K. As (f) r ( K r h) ) = K r , h Y Proposition O (1) one has 

h = h{T r ,K h r ) < h(T 7 Kj») < h(T r: K?) + ht op (T, X\<f> r ) = h + h top (T, X\<j> r ), 

we can claim the conclusion by facts (2) and (3). □ 
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4. A POSITIVE ANSWER TO QUESTIONS CD AND [3] 

In this section we shall give a positive answer to Questions [I] and HJ 
Let (X,T) beat.d.s. Denote by M(X) (resp. M(X,T), M e (X, T)) the set of all 
Borel probability measures (resp. T-invariant Borel probability measures, ergodic 
T-invariant Borel probability measures) on X. All of them are equipped with the 
weak star topology Denote by Bx the set of all Borel subsets of X. 

Before proceeding, we need restate [321 Lemma 4.3 (2)] as follows (for the detailed 
introduction of the (relative) measure-theoretic entropy and the disintegration of a 
measure over a sub-cr-algebra see for example [151 §4]). 

Lemma 4.1. Let {X,T) be a t.d.s., fx G Ai e {X, T) and C C B^ a T-invariant sub- 
a-algebra (i.e. T~ X C = C in the sense of fx), here B^ is the completion of Bx under 
fx. If fx — J x fi x dfx(x) is the disintegration of fx overC, then, for fx-a.e. x G X, 
fixing each x, for each e G (0, 1) there exists a compact subset Z x (e) of X such that 
fi x (Z x (e)) > l-e and h B (T,Z x (e)) = h(T,Z x (e)) = ^(T,X|C). 

We also need state a relative version of the well-known Sinai Theorem, which is 
essentially found in [29]. It was made explicitly in [301 Theorem 5] and [31] (for 
another treatment of it see [IS])- Before the statement of it, we need make some 
preparations. 

Recall that a k-element distribution I is a probability vector (Ji, ■ • • ,/&), i.e. 
h, • • ■ , Ik > and I\ + h Ik — 1, k G N. The entropy of it is defined by 

k 

log ii. 

i=l 

The distance between two k-element distributions I and J is given as 

k 

\I-3\ = Y t \I i -J i \. 

i=i 

From now on, for a given t.d.s. (X, T) and fx G Ai(X), each a G Vx is ordered and 
associated with a distribution dista (i.e. a = (Ai, ■ ■ ■ , Ak) is equipped with a fixed 
order and in this case dista = (fx(Ai), ■ ■ ■ ,fx(Ak))). 

A relative version of the well-known Sinai Theorem is stated as follows. 

Lemma 4.2. Let (X,T) be a t.d.s., fx G M e (X,T) and a G P x ,7 G V x with 
& C T" ! 7 (in the sense of fx). Then, for each k-element distribution I, k G N 

with H(I) < h^(T, 7) — hn(T,a), there exists /3 G Vx with (5 C \/J^oo-^ _ *7 suc -h 
that 

(1) dist(3 = l; 

(2) the partitions T l f3, i G Z are independent (in the sense of fx), that is, if 
B h G T h (3, z'i G Z and £ i2 G T i2 /3,i 2 G Z urato ii ^ i 2 &era fx(B h n B i2 ) = 

(3) Vi^oo-^ - *^ ^ s independent of\J i ^_ co T~ l a (in the sense of fx). 
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Thus, we have 

Proposition 4.3. Let (X,T) be a t.d.s. and fi G M e (X, T). Then, for each < 
h < hn(T,X), there exists a T -invariant sub-a- algebra C C B^ (in the sense of fi) 
with h^iT, X\C) = h, here B^ is the completion of Bx under fi. 

Proof. When h = h^(T,X), we may take C = {0,X}, and so ^(T,X|C) = h. 

Now we assume that < h < h^(T,X). It is not hard to see that we can 
take a G Vx with h^T, a) = h. Moreover, by Rokhlin Theorem about countable 
generators j32] there exists a countable measurable partition 7 = {C\, C 2 , • • • } (i.e. 
there exists a sequence of partitions {a n : n G N} C Vx with 7 = a\ V a 2 V ■ • ■ = 
{Ai n A 2 n • • ■ : A n G a n , n G N) where Vi^oo = in tne sense of A 4 - 

Set 770 = {X}, 70 = ?7o V a and r/„ = {d, C 2 , ■ ■ ■ ,C n ,X\ |J" =1 CA-, j n = r] n V 
a, n G N. Then, for each n G N, by Lemma 14.21 there exists /3 n G Vx with 
/?n ^ Vit^oo ^ *7n ( m the sense of /i) such that 

(1) the partitions T l (3 n , i G Z are independent (in the sense of //); 

(2) T~ l /3 n is independent of V^oo ^ _ *7n-i ( m the sense of /x) and 

(3) if(dist/3„) = ^(T, 7n ) - /^(T, 7 n _i). 

From (2), one has 

+00 

(4.1) M r >7n-l| V ^/3n)=^(T,7n-l). 

i=— 00 

Moreover, observe that 7 n V/3 n C Vi=^.cc T~ l/ y n (in the sense of /i), using the relative 
Pinsker formula (see for example [T3l Lemma 1.1] or |38, Theorem 3.3]) we have 



(4.2) 
and 



hp(T, 7„ V (3 n ) = hp(T, 7„), 

+00 +00 
/i M (T, 7n | \/ T-*/3 n V \/ T^ 7 „-i) 

i=— 00 i=— 00 

+00 +00 

(as 7„ V 7„_i = 7„) 



«=— 00 
+00 



(4.3) 



^(T, Tre | \/ r^-ft^T.V!) (by gU)) 

i=— 00 

(/^(T, 7„ V /3„) - hfj,(T, p n )) - /^(T, 7„_i) 
^(T, 7n ) - K{T, ln ^) - h^T,f3 n ) (by g2D) 
#(dist/3 n ) - h^T,(3 n ) (by (3)) = (by (1)). 



h^T, ln \C) = ^(T,a|C) + ^(T,r/ n |C V \J T~ 
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Put C = Vn=L Vi^oo T~ l /3 n . Note that, for each k £ N, in the sense of /i, 
Vi°!oo T~ i p k +i is independent of V^oo T ~ % lk and 

k +00 +00 k +00 +00 

V V r_i & v V T ~ l « ^ V V = V T ~^> 

j=l i=— 00 i=— 00 j=l i=— 00 i=— 00 

one has T^/Wi is independent of V J =1 Vt-oc T ~% v Vl-00 T "'«- Cod- 

ing this with the fact that Vi^oo is independent of V^oo (i n the sense 

of /i), we have that Vj=i Vit^oo * s independent of y^^t^T^a (in the sense 
of /i) for each fceN, and so C is independent of V^oo i n the sense of /x. 

Finally, we claim that C is just the sub-a-algebra we need. Obviously, T~ l C = C. 
Now we are going to show h^T, X\C) = h. On one hand, 

h^T,X\C) > h„(T,a\q = h^(T,a) = h, 

where the last identity follows from the fact that C is independent of Vj^oo T~ l a. 
On the other hand, for each ngNby the relative Pinsker formula 

00 

i=— 00 

n +00 +00 

< h + h^T, Vn \\/ \J T-'^V \/ T~ l a) 

j = l i= — 00 i=— OO 

n +00 +00 +00 

= h + h^(T,r] n \\J \/ T-%V \/ T-'aV \J rVi) + 

j'=l i=— 00 i=— 00 i=— 00 

n +00 +00 

a) (as ?7 n V ?7 n _i = r) n ). 

j=li=— 00 i=— 00 

By (Q 

n +00 +00 

K(T )ln \C) = h + h^T^-^y \/ T-%V \/ T^a) 

j'=l i=— 00 i=— 00 

n— 1 +00 +00 

< h + h^T^^iy \J T~%y \/ T-*a) 

j'=l 2— — 00 i=— 00 

< •••</i + /i M (T, m | \/ rftV \/ T~*a) = h, 

i=— 00 i=— 00 

which implies 

n 

/i M (T,X|C)= lim h^T, V/ T~ l 7n |C) = lim ^(T, 7n |C) < ft 

n— ¥+00 » n— »+oo 
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(as 71 r< 72 ^ ••• and VnewV^-n^ *7n = £v* (in the sense of fi)) and so 
h^(T, X\C) = h. This ends the proof of Proposition. □ 

Now we can answer Questions [1] and H] affirmatively. 

Theorem 4.4. Each t.d.s. {X,T) is not only lowerable but also D-lowerable. In 
fact, for each < h < h(T,X) there exists compact Kh Q X with h(T,Kh) = 
h B (T,K h ) = h. 

Proof. When h = h(T,X), we may take K h = X. When h < h(T,X), by the 
classical variational principle (see for example [35]) we may take /i G Ai e (X, T) 
with h^(T,X) > h, then by Proposition 14.31 there exists a T-invariant sub- a- algebra 
C C Bfj, with h^T, X\C) = h, where £> M is the completion of Bx under /i, and so 
there exists compact Kh Q X with h(T,Kh) = h B (T,Kh) = h^(T,X\C) = h (using 
Lemma 14. ip . □ 

Remark 4.5. We should remark that in [33] Shub and Weiss presented a t.d.s. with 
infinite entropy such that each its non-trivial factor has infinite entropy. 



5. A PARTIAL ANSWER TO QUESTION [5] 

In this section, we shall give a partial answer to Question [5] by proving that each 
asymptotically /i-expansive (equivalently, hereditarily uniformly lowerable) t.d.s. is 
D-hereditarily lowerable. 

5.1. Each asymptotically /i-expansive t.d.s. is D-hereditarily lowerable. 

Recall that, for a given t.d.s. (X, T) with a compatible metric d, {X,T) is called 
asymptotically h-expansive if lim e _ i> o+ h^(e) = 0, where e > and 

(5.1) h* T {e) = sup/i(T,$ e (x)), with $ e (x) = {y e X : d(T n x,T n y) < e if n > 0}. 

Lemma 5.1. Let (X,T) be a symbolic t.d.s. Then (X,T) is not only hereditarily 
lowerable but also D-hereditarily lowerable. 

Proof. Note that in [15] it is proved that any asymptotically /i-expansive t.d.s. is 
hereditarily lowerable, and so (X, T) is hereditarily lowerable. 

Now let (X, T) be a subshift of ({1, 2, • ■ ■ , m} z , a), where m > 2 and a is the left 
shift on {1, 2, ■ • • , m} z . Let vr : {1, 2, • ■ ■ , m} z T with 

for (xj)j £ z £ {1,2, ••• ,m} z . Then 7r : ({1,2, ••• ,m} z ,cr) — > (T, T m ) is a factor 
map, where T m is defined by T m (z) = z m for z G T. 

For each z G T, there are y 1 , y 2 G {1, 2, • • • , m} z + such that 

n-'^z) = {x = ( Xj ) jez G {1,2, • • • ,mf : (a^JS = or y 2 }, 
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here in fact for almost all z G T, y 1 = y 2 . Thus h B (T,n 1 (z)) < h(T,ir 1 (z)) = 0, 
and so ht op (cr, {1, 2, • • • , m} z \7i) = 0. Hence by Proposition 13.71 

(5.2) h B (a,K) = h B (7r(K),T m ) 

for any K C {1,2, ••• ,m} z . Since any continuous image of a Souslin set in 
{1,2,- •• , m} z is Souslin, we know that ({1,2, ••• ,m} z ,a) is D-hereditarily low- 
erable by Proposition 12.51 (2) and (15.2)1 . As a subsystem of ({1,2, ••• ,m} z ,cx), 
(X, T) is also D-hereditarily lowerable. □ 

Theorem 5.2. Each asymptotically h-expansive t.d.s. is D-hereditarily lowerable. 

Proof. It follows from Proposition 13.71 and Lemma 15.11 □ 

The property of asymptotical /i-expansiveness can be weakened respectively as 
follows. 

Definition 5.3. Let (X,T) be a t.d.s. with a compatible metric d. We call it 

(1) anti- asymptotically h-expansive, if for each e > there exists a factor map n : 
(Y, S) — > (X, T), where (Y, S) is a symbolic t.d.s., such that h top (S, Y\ir) < e; 

(2) quasi- asymptotically h-expansive, z/lim e _ i ,o+ h(T, <& e (x)) = for each x G X . 

We remark that there is a D-hereditarily lowerable t.d.s. which is not quasi- 
asymptotically /i-expansive. Let (Xi,Ti) be the full shift over £2 = {0, 1} Z and 
(X^T?) the one point compactification of the translation over (Z, +) with X2 = 
ZU {00}. Put (Y,S) = (Xi,Ti) x (X 2 ,T 2 ). Collapsing X x x {00} to one point x 
we get a t.d.s. (X, T). It is not hard to check that lim e ^o+ "^(^o) = log 2, which 
implies that t.d.s. (X, T) is not quasi-asymptotically /i-expansive, whereas, clearly 
(X, T) is D-hereditarily lowerable. 

In fact, we can construct a D-hereditarily lowerable t.d.s. which is not asymptot- 
ically /i-expansive but quasi-asymptotically /i-expansive. 

Example 5.4. There is a D-hereditarily lowerable t.d.s. which is not asymptotically 
h-expansive but quasi-asymptotically h-expansive. 

Proof. For each n G N we choose e n > and C n C [0, 1] homeomorphic to the Cantor 
set with lim n _ >+00 e n = and \im n ^. +OQ C n = [0, 1] (in the sense of Hausdorff metric). 
Set X = X UXi UX 2 U ■ ■ • , where X = {0} x [0, 1] C R 2 and X n = {±} xC n CR 2 
for each n G N. Now for each n G N we let T n : X n — > X n be a minimal sub- 
shift such that h(T n ,$ en (x n )) > log 2 for some x n G X n (we may assume that 
lim n ^ +00 x n = xo) and let T : X — > X be the identity map. Last, (X, T) is 
defined naturally. We may add the assumptions on the defined (X n , T n ),n G N such 
that (X, T) forms a t.d.s. 

We claim that t.d.s. (X, T) is the system we need. It is not hard to check that 
(X,T) is a D-hereditarily lowerable t.d.s. Clearly, lim e „ >0+ h(T, $ e (x)) = for each 
x G X and so (X, T) is quasi-asymptotically /i-expansive; whereas, 

lim sup/i(T, $ e (x)) > limsup/i(T n ,$ e „(a; n )) > log 2, 
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that is, t.d.s. (X, T) is not asymptotically /i-expansive. 

To finish our example it remains to construct a t.d.s. (X„, T n ) and e n > as above 
for each n G N. Let n G N. For each j = 1, • • • , 2n we put C£ = j^L + cjj c Ji = 



2j 



l ' ira+l] W ^h C° being linearly homeomorphic to the standard Cantor set and set 
C n = Uj=o ^n- Define a permutation <f) n : {0, 1, • • • , 2n} — > {0, 1, • • - , 2n} such that 
</>^(z) = i, 1 < j < 2n + 1 implies j = 2n + 1 and \4> n {i) — i\ < 2 for each < i < 2n. 
For example, we set 0„(O) = 2, n (2) = 4, • • ■ , 4> n (2n — 2) = 2n, <p n {2n) — 2n — 1; 
n (2ra - 1) = 2n - 3,0„(2ra - 3) = 2n - 5,-- ■ ,0 n ,(3) = 1 and <p n {l) = 0. Now 
let (C°, S'n) be a minimal sub-shift with /i(S„, C°) > (2n + 1) log 2. We define T n , : 

X n X n as follows: T n (±,y n ) = (I + c n ) if y n £ 1{0) with y n = ^ + c n , 

where c n G C° n , and T n (± y n ) = (±,S n (c n )) if y n = + c n G C^ 1(0) , where 

c„ G C°. Let e n = ^W- It is easy to check that the constructed (X n ,T n ) is a 
minimal sub-shift. Moreover, for each x n G C°, C° C $ e (x n ) and so (by Lemma 

O(i)) 

(in fact, this works for each x n G X n ). Last, by the assumption of <p n it is not hard 
to check that the defined (X, T) is a t.d.s. This finishes the construction of our 
example. □ 

Remark 5.5. In the above example we can choose (C°, S n ),n G N such that h top {T, X) = 
+oo, and so one has that there is a D -hereditarily lowerable t.d.s. (with entropy 
infinite) which is not anti- asymptotically h-expansive but quasi- asymptotically h- 
expansive. We do not know if there is such an example which is minimal. 

5.2. Each anti-asymptotically /i-expansive t.d.s. is asymptotically /i-expansive. 

In this subsection we will show that asymptotical /i-expansiveness and anti-asymptotical 
/i-expansiveness are equivalent properties. For that, we need some notion and results 
in 0. 

Given a t.d.s. (X, T), we will say a sequence of partitions {ctfc} of X is refining 
if the maximum diameter of elements of goes to zero with k; and for each k the 
partition otk+i refines The partitions have small boundaries if their boundaries 
have measure zero for all a in A4(X, T). For a finite entropy t.d.s. (X, T) admitting 
a nonperiodic minimal factor, by [23l Theorem 6.2] and [24j Theorem 4.2] we know 
that (X, T) has the so called small boundary property, which implies the existence 
of a basis of the topology consisting of sets whose boundaries have measure zero for 
every invariant measure. Moreover, it is easy to construct the refining sequence of 
partitions with small boundaries for (X, T) (see Theorem 7.6 (3)]). 

Definition 5.6. Let (X, T) be a finite entropy t.d.s. admitting a nonperiodic min- 
imal factor. An entropy structure for (X, T) is a sequence % of functions {hk} 
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defined on Ad(X,T) in the following way: suppose {oik} is a refining sequence of 
finite B orel partitions with small boundaries, then hk : M.(X,T) — > R is obtained by 
setting \i i— y /i M (T, cc*.) for each fceN. 

The following result follows from [51 Theorem 8.6]. 

Proposition 5.7. Let {X,T) be a finite entropy t.d.s. admitting a nonperiodic 
minimal factor. The following statements are equivalent for (X, T) with entropy 
structure H: 

(1) (X, T) is asymptotically h- expansive. 

(2) hk converges uniformly to the entropy function h, where h(fi) := h^iT.X) 
for each fi £ M(X,T). 

Definition 5.8. A function f : K — >• R defined on a compact metric space K is 
upper semicontinuous (u.s.c.) if one of the following equivalent conditions holds: 

(1) / = infj 6 / fi for some family {fi}i e i of continuous functions. 

(2) / = limj^ +00 g,j, where {g{\ is a nonincreasing sequence of continuous func- 
tions. 

(3) For each reK, the set {x £ K : f(x) > r} is closed. 

(4) limsup/(V) < f(x) at each x £ K. 

x'—>x 

For u.s.c functions, the following properties hold: 

a) The infimum of any family of u.s.c. functions is u.s.c. (by Definition loTBI ( 1 ) ) . 

b) Both the sum and the supremum of finitely many u.s.c. functions are u.s.c. 
(by Definition EH (2)). 

c) Every u.s.c. function from a compact metric space to R is bounded above 
and attains its maximum. 

The following result is Proposition 2.4]. 

Proposition 5.9. (Exchanging Suprema and Infima). If {fi}iem is a nonincreasing 
sequence of u.s.c. functions on a compact metric space K, then 

inf sup fi(x) = sup inf fi(x). 

ieN xeK x&K^ 

Theorem 5.10. Asymptotical h-expansiveness and anti- asymptotical h-expansiveness 
are equivalent properties. 

Proof. Clearly an asymptotically /i-expansive t.d.s. is anti-asymptotically /i-expansive. 

Conversely, let (X, T) be an anti-asymptotically /i-expansive t.d.s. Suppose (Z, R) 
is an aperiodic minimal zero entropy system. Let Y = X x Z and S = T x R. Then 
(Y, S) is an anti-asymptotically /i-expansive TDS, since (Z, R) is asymptotically 
^-expansive. 

Now (Y, S) is a finite entropy t.d.s. admitting a nonperiodic minimal factor (Z, R). 
Suppose {ak} is a refining sequence of finite Borel partitions of (Y, S) with small 
boundaries . Define "H by setting hk : fi i-> h^(S, a^) for each k £ N. Then Ti is a 
entropy structure of (Y, S). 
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For m G N, let 7i m : (X m ,T m ) — > (Y, S) be a factor map such that (X m ,T m ) is 
a symbolic t.d.s. and ht op (T m , X m \7i m ) < — . Then 7i m induces a continuous map 
7i* m : M(X m , T m ) -> M(Y, S) satisfying n* m u(A) = v{iz^A) for any v G 7W(X m , T m ) 
and any Borel subset A of Y . 

Let /3 m be a generating clopen partition of (X m ,T m ). Now we consider the 
function gf : .M(X m ,T m ) ->> E with ^(v) = h u (T m ,X m ) - h n » mU (S,a k ) for each 
1/ G A4(X m ,T m ). Then for k G N, 

flT^) = ^( T ™, /^m v ^(afe)) ~ h v (T m , ir~ l a k ) 

^ JV-l AT-1 

= lim -#„( \/ T-X/3 m V tt-^q*))! V ^m"*) 

iv— »+oo iv 

i=0 i=0 

= inf^(\/ T-^Vtt^K))! \/ T-V" 1 ^). 

i=0 i=0 

The last equality follows from the fact that the sequence 

n—l n—1 

a n (u) := H v {\jT-\P m V ^\a k ))\ V 

j=0 i=0 

is subadditive, i.e., a ni+n2 (z/) < a ni (z/) + a n2 (i/). Since (3 m and vr" 1 ^ have small 
boundaries, v H- H u (\/fS l T~ l ((3 m V 7r _1 (o: fc ))| V^o* ^m'^m^) is a contionuous 
function on Ai(X m , T m ) for each iV G N. Thus the function g™ is u.s.c. by Definition 

EHl(i). 

Next, we let fj? :M(Y J S)^R with 

= sup{/i l/ (T m ,X m ) : i/ G «J _1 (aO} - h^,(S,a k ) 

for each /x G .M(Y, 5). Since g™ is u.s.c, it is easily seen using Definition 15.81 (4) 
that f™ is also u.s.c. 

Now let /^(/i) := h^S^Y) — h^(S,a k ) for each /j G A / f(Y,iS'). Then is a 

decreasing sequence of non-negative functions on A4(Y,S) and lim fc _> +00 /&(//) = 
for all /ieM(y,5). Since 

/fcV) - fM = sup{^(T m ,X m ) - ^,(5,^) : v G 
= sup{/i^(T m ,X m |7r m ) : v G «J _1 (/i)} 

G [0,/i top (T m ,X m |vr m )] C [0,-] 

for any \i G A4(Y, 5), we have f k = inf fjj 1 . Thus is u.s.c. since each f™ is u.s.c. 

mGN 

By Proposition 15.91 

lim sup f k (fi) = inf sup /*.(//) = sup inf f k (p) = 0. 
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lowering topological entropy over subsets (II) 



Thus hk converges uniformly to the entropy function h, where hk(fi) = h^(S,ak) 
and h(fi) = h^(S,Y). Hence (Y,S) is asymptotically /i-expansive by Proposition 
EH 

Finally since for any x G X, z G Z and e > 0, $ e ((x, z)) D <& e (x) x {z} by definition 
( 15. ip . we have h^ xR (e) > h^(e). So lim e ^o+ ^t( 6 ) = since lim e ^ 0+ h^ xR (e) = 0. 
Thus (X, T) is asymptotically ^-expansive. □ 
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